A cell-automaton model for eutectic growth has been extended from a binary alloy case into a ternary alloy case with a dilute third element. Quasi-stable ranges with an oscillatory growth mode of lamellar spacings have been obtained for lower growth velocities which can be distinguished from unstable ranges of spacing. The lower limit of the quasi-stable range decreases with the increase of the growth velocities, and the range becomes narrower with the increase of the content of the third element. The upper growth temperatures of the quasi-stable pattern decrease compared with the liquidus temperatures with the increase of the growth velocity. The quasi-stable growth pattern might be an instability pattern which would develop into a cellular-eutectic growth if lamellar branching were possible.
Introduction
Alloys with eutectic structures are widely used in industry not only for structural materials but also for functional materials. Eutectic alloys are an attractive way to incorporate single-phase properties with other-phase properties in a composite material. In practice, industrial eutectic alloys consist of at least three components such as cast iron (FeC Si), Lautal (AlCuSi) and lead-free solders (SnAgCu, etc.). It is a more complicated problem to predict the structures and specific spacings of a ternary eutectic system compared to predicting those of a binary system where the composition and solidification parameters are given.
More than thirty years ago, McCartney et al. 1) classified the structures to be gained in a simple ternary eutectic system into five regions: (1) single-phase with a planar growth interface; (2) two-phase eutectic growth with a macroscopically planar growth interface; (3) two-phase cellular/ dendritic eutectic growth with the third phase between the valley; (4) three-phase eutectic growth with a macroscopically planar growth interface; and (5) single-phase cells or dendrites followed by the structures described in regions 2, 3 and 4. Among the five growth modes, the first is trivial if distribution coefficients and liquidus slopes over both the second and the third elements are considered. The authors proposed analytical models for the second mode and fifth mode.
1) (The case of the two-phase planar eutectic will be mentioned later.) The fourth case (three-phase planar eutectic growth) has been modeled by Himemiya and Umeda.
2) The third growth mode (cellular/dendritic eutectic) has also been modeled by Himemiya. 3) Recently De Wilde et al. 4) have analyzed the two-phase planar eutectic growth problem following the calculations of Himemiya and Umeda 2) and gained JacksonHunt 5) type equations for the second case. Currently, for all possible growth modes, growth equations are applicable to given composition and solidification parameters, and phase-selection principle can be made. Some experiments 4, 68) have been made to check the validity of the models, and the qualitative validity of the models have been comfirmed. However, the uncertainty in the values of the material parameters hinder calculations for quantitative comparison. Analytical models are powerful tools for predicting crystalline structures and their specific spacings, but because the boundary conditions of the models idealize solidification as uni-directional, there exist some restrictions on their application. They cannot account for the complicated phenomena accompanying foundry practices, for example fluid-flow powering or the macroscopic non-stationary cooling condition involved with mold-melt thermal contact and such geometric complications.
For about two decades, numerical simulation methods have been developed to investigate the solidification structures of alloys. These include dendritic, eutectic, and peritectic structures. Although the difficulty of a multi-scale simulation has been pointed out, there have been some attempts to combine the growth calculations for micro-scale structures with macro-scale field calculations, for example with fluidflow. 9, 10) From this perspective, it should be meaningful to explore a numerical simulation technique to predict eutectic solidification structures even though analytical solutions for the structures have already been determined. Numerical simulations of micro-scale structures are roughly classified into phase-field methods and cell-automaton methods. The former has shown remarkable development recently and has been extended to simulations of eutectic solidification phenomena using multi-phase-field methods.
1115) The latter 16, 17) is restricted by the attribution of the state of the cell (liquid, solid or mushy (semi-solid) zone), and therefore most of these types of simulations require an extraneous algorithm. However, the computation time for cell-automaton methods is much less than that of phase-field methods.
In this study, we have extended a cell-automaton model of eutectic solidification 17) from a binary system to a ternary system with a dilute content of a third element. Unlike the binary system, in which stable lamellar growth ranges were gained and corresponding growth temperatures were obtained, "quasi-stable" lamellar growth ranges have been gained and corresponding growth temperatures were obtained. This might indicate a certain quasi-stable growth mechanism in a ternary eutectic system.
Algorithm and Assumption of Phase Diagram
2.1 Assumption of the phase diagram and the solute contents The phase diagram of the ternary eutectic system for which this work has been carried out is shown in Fig. 1 . This diagram is symmetrical in regards to the exchange of A element and B element. The melting points of pure A and B elements are identical at 660 degrees. (The scale of temperature may be Celsius or Kelvin.) The A element forms a solid solution named ¡ phase. The B element forms a solid solution named ¢ phase. The pure two-phase eutectic content of B between ¡ and ¢ is 50% and the eutectic temperature is 580 degrees. The three phase eutectic point is (30.0, 40.0) (the former is the B content and the latter the C content). Its temperature is 530 degrees. The solubility limits of ¡ are (15.0, 0) at 580 degree and (12.0, 12.0) at 530 degree and between these points the solubility limit line is approximated linearly. For ¢ phase, the solubility limit is symmetrical to ¡ phase.
This study investigates the growth structures that develop as the contents of a dilute third element (C) changes along the mono-variant line. Therefore, only the two phases (¡ and ¢) need to be considered. The compositions and solidification temperatures correspond to the two-phase planar eutectic solidification region or the two-phase cellular/dendritic eutectic solidification region.
Algorithm
The algorithm used for this study is identical to the previous work.
17 ) It is summarized below. (1) Each cell has four types of variables, the state of the cell, STATE, the contents of the solutes in the liquid, (C B , C C ), the fraction of the solid, f S and the temperature, T. The variable STATE indicates the state of the phase and can hold one of five values: "1" indicates the liquid phase; "2" the ¡/liquid interface (¡-liquid mixture); "3" the ¢/liquid interface; "4" ¡; and "5" ¢.
The variable STATE was set to "1" at the beginning of the simulation except for the seeds, which are on the bottom sides of the domain. (2) The solute diffusion of B solute and the C solute are calculated following the Fick's law for "1", "2" and "3" cells. No diffusion is assumed in the solid phases. (3) The transition from "1" to "2" or "1" to "3" is determined by the number of neighboring cells having "4" or "5". If among the neighboring 8 cells of a cell having the STATE "1", ther are three cells having STATE = 4, the cell changes to "2". Also, if among the neighboring 8 cells of a cell having the STATE "1", there are three cells having STATE = 5, the cell changes to "3". reaches more than unity, the cell changes to "4" or "5", that is, a complete solid phase. (6) In this work, at the end of each step of the calculation, all of the temperature variables, T are decreased by G · Vel · ¦t, where G indicates the temperature gradient, Vel the moving speed of the temperature field and ¦t the time step. In addition, in the case of the calculation of an under-cooled melt, this step is not needed.
2.3
The tie line between the solid solution and the metastable liquidus surface To estimate the fraction of the solid in ¡-liquid or ¢-liquid cells, the tie line between the solid solution and the metastable liquid surface should be drawn. This problem is divided into two cases. In the first case, the composion of the initial liquid of the ¡-liquid cell lies in the ¡ + ¢ + liquid region of the phase-space. In this case, the initial composition is inside the isothermal triangle ¦¡ limit ¢ limit MA (see Fig. 2(a) ) where ¡ limit is the solubility limit of ¡-phase on the temperature, ¢ limit that of ¢ phase and MA is the section point of the monovariant line at this temperature. The basic assumptions to draw the tie line are: (1) the solid contents are on the solubility limit line of ¡ or ¢ phase (¡ limit or ¢ limit ); and (2) the corresponding liquid contents are on the meta-stable liquidus surface of ¡-liquid or ¢-liquid that is on the line between the mono-variant eutectic contents and the pure twophase eutectic point of temperature (MAL B in the ¡ case) where L B is the meta-stable liquidus content over ¡ phase on the AB line of this temperature. From this, the solution of the problem becomes to draw a line between the solid solubility point (¡ limit ) and the point of the contents of the problem (C 0 ) and determine the intersection point with L B MA as shown in Fig. 2(a) . Also in this case, the procedure to seek the tie line between ¢ and liquid is similar.
In the second case, the composition of the cell is in the ¡ + ¢ region. The initial composition lies inside the trapezoid Fig. 2(b) ) where, ¡ B and ¢ B are the solubility limit points on AB line for this temperature respectively. In this case, the basic assumption to draw the tie line of ¡ and L is
In other words, a linear approximation holds. The fraction of the solid (of the ¡-phase) is
The fraction of the solid for the ¢-liquid phase can be estimated in a similar way. With this method, dis-continuities of the fraction of the solid by difference of the two cases were not found. When considering an actual alloy system, a thermodynamic database such as Thermo-Calc is used for these calculations.
Domain of calculation
To compare the numerical simulation with the prediction from the analytical models, a rectangular shaped domain is used for the cell automaton calculation consiting of N cells (for the transverse direction) © M cells (for the longitudinal direction). In the transverse direction, the values of the temperature are same, meaning that no temperature gradient exists in this direction. In this calculation, G set to 5 © 10 3 K/m. The initial seeds were placed in the [i, 1] row at the value of STATE = 2 and 3. Therefore, the initial lamellar spacing was set to Áxðn Other details have been described in the previous paper.
17)
The meanings and the values of the symbols are listed in Table 1 .
Results and Discussion
In this study, three cases of the initial contents of the alloy have been investigated. In the first case, the composition of C = (49.88, 0.24) has been calculated, where, T L+¡+¢ = 579.7 and T ¡+¢ = 579.0. In this nomenclature, T L+¡+¢ is the equilibrium temperature at which the liquid, ¡ and ¢ coexist, and is usually denoted as T L . T ¡+¢ is the temperature below which ¡ + ¢ phase exists in a thermodynamic condition of equilibrium and is usually denoted as T S . For the moving speeds of the temperature field which range from 1 © 10 ¹8 to 1 © 10 ¹6 m/s, the calculations have been carried out by changing the initial spacing of the lamellar. Calculations were made with Vel = 1 © 10 ¹8 , 2 © 10 ¹8 , 5 © 10
¹8
, etc. The second case is for C = (49.94, 0.12) and the third case is for C = (49.76, 0.48). These three compositions are on the monovariant line of liquid + ¡ + ¢.
In the results of calculations, as shown in Fig. 3 , "quasistable" growth patterns with oscillations ( Fig. 3(a) ) have been obtained for most of the coupled data points of the initial composition and the moving speed for the temperature field. Here, the term "quasi-stable" means that the lamellar growth occurs with temporal oscillations. The ¡-phase expands somewhat, the ¢-phase shrinks and then reverses, and the solidliquid interface does not break down in the range of the calculation. This "quasi-stable" pattern has not been found in the pure binary eutectic case through cellautomaton simulations. 17) In a binary eutectic case, there are only "stable" and "unstable" patterns. In a stable pattern in a binary system, the lamellar of ¡ or ¢ grow straightforward without changing their width. In a ternary system, "unstable" patterns occurred mainly in the sequences where the lamellar growth broke down into a "banding structure" or where the lamellar trunks merged into a fewer number of trunks (Figs. 3(b) and 3(c) ). In other sequences, the lamellar growth stopped at the stage of young sprouts or it stopped after the banding pattern changed into one phase. From these examples, the "quasi-stable" pattern can be distinguished from the "unstable" pattern. Moreover the solidliquid interface of a "quasi-stable" pattern in a ternary system is macroscopically rougher than a "stable" pattern in a binary system. The ratios of the growth velocities for the "quasistable" growth to the speed of the moving temperature field, V/Vel, were about 0.9951.04. In the phase-field simulations of binary eutectic growth, 1012) more oscillatory instabilities have been reported in the larger lamellar spacing than in the smaller undercooling spacing. The "quasi-stable" oscillatory mode of the current case might be related to the prediction of these simulations. Akamatsu and Faivre 8) pointed out several instabilities of ternary eutectic solidification, and the "quasi-stable" pattern of this case might develop into cellular-eutectic formation. Figure 4 shows "quasi-stable" and "unstable" lamellar spacings of the three alloys. Here, an open circle denotes the initial lamellar spacing ( init ) of quasi-stable growth with C content 0.
12. An open triangle denotes that of C content 0.24, and a open square denotes that of C content 0.48. The "x" symbol denotes the initial lamellar spacing of unstable growth. In "quasi-stable" growth, the mean lamellar spacing did not change throughout the simulation procedure, although the trunks oscillated as the interface moved. Therefore, the mean spacing near the end of the calculation is equal to the initial spacing. Ranges for "quasi-stable" growth spacing were distinguished from "unstable" ranges. From these figures, it was established that the lower limit of the "quasi-stable" range decreases with the increase of the growth velocity. Also, it is apparent that the addition of the third element makes the "quasi-stable" range narrower.
In the JacksonHunt model 5) in a binary system, the lamellar spacing decreases with the increase of the growth velocity, as £ V ¹1/2 . In a ternary system, the lamellar spacing of a two-phase eutectic with a macroscopically planar interface would decrease with the increase of the growth velosity, also as £ V ¹1/2 , owing to De Wilde et al.
4)
In the case of a two-phase cellular-eutectic growth in a ternary system, 3) the spacing of the eutectic-like rods, , also correlates with the growth velocity, V, as £ V ¹1/2 . The Table 1 Meanings and values of symbols. results of this study correspond to these predictions. Also, the earlier studies predicted that the addition of the third element would disturb the stability of the interface. Following the model of Wilde et al., 4) the addition of the third element finally decreases K 2 /K 1 , according to the eq. (64) in their paper. Akamatsu and Faivre 8) also discussed the instability of the planar eutectic interface of a ternary eutectic system by making an analogy to the case of a binary alloy system. A similar consideration can be made in the case of the twophase cellular eutectic. In this way, the effect of the third element on the stability of the interface has been established. After all is considered, the results of the calculations for quasi-stable lamellar spacing qualitatively agree with the predictions of the analytical models. Figure 5 shows the growth temperatures of the interface which are the highest at the indicated moving velocities. They decrease from near T L+¡+¢ with the increase of the growth rate. At V µ 10 ¹8 m/s, the growth temperatures appear higher than T L+¡+¢ . This might be due to overly large size of the cells (up to ¦x = 1 © 10 ¹4 ), which is used for ease of calculation. Therefore the temperature error might be G · ¦x = 0.5 K. Other than these uncertain values, the trend in the calculations agrees with the model of a two-phase planar eutectic, except that in such a case, the growth temperature should be below T ¡+¢ .
Symbol
What is the "quasi-stable" growth mode predicted in this cell-automaton calculation? In the Bridgeman condition, the top of the interface first reaches T L+¡+¢ , below which temperature the solidification structure would be cellular eutectic if branching of the lamellae were permitted. The branching of lamellae requires new seeds (nucleation) because of the STATE attribute of a cell. So, in this simulation, the branching of the lamellae is prohibited. Needless to say, the merging of lamellae is permitted as shown in Fig. 3(c) . Therefore the limited-branching growth can introduce a "quasi-stable" mode with an oscillatory pattern. Beyond the method in this study, eutectic solidification of a ternary system should be examined with a multi-component, multi-phase-field method, because the phase-field variables are not always zero and the branching in such situations could be simulated.
Summary
A cell-automaton simulation method has been constructed for a two-phase eutectic structure of a ternary eutectic system. Calculations have been carried out with dilute third element content. This method can be easily extended to an actual ternary system using a database of a phase diagram. Quasistable ranges of lamellar spacing distinct from unstable ranges have been obtained. These ranges decrease with the increase of the growth rate. The upper growth temperature of the interface in a quasi-stable range decreases with the increase of the growth rate. This quasi-stable mode might correspond to a kind of limited-branching growth in which a eutectic cellular shape could not develop. Initial lamellar Spacing λ / m Fig. 4 The velocities of the temperature field and the lamellar spacings; the decimal numbers with the symbols are the content of the C element.
